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MINIMAL PURE SUBGROUPS IN PRIMARY GROUPS PAUL HILL AND CHARLES MEGIBBEN
(Auburn, Alabama).
Throughout all groups are assumed to be primary abelian groups, and all topological references are to the p-adic topology. By a subsocle of a group we mean a subgroup of the socle. Thus S is a subsocle of G if S is a subgroup of G and if px == o for all x in S. Let H be a subgroup of G. If among the pure subgroups of G which contain H there exists a minimal one, we say that H is contained in, or is imbedded in, a minimal pure subgroup in G. B. CHARLES studied minimal pure subgroups in [1] ; he asserted that each of the conditions (1) H is a subsocle of G and (2) There is a pure subgroup of G contained in H which is dense in H is sufficient for the existence of a minimal pure subgroup for H in G provided G is without elements of infinite height. Head showed in [4] that condition (2) is not sufficient, and one of the authors showed in [6] that neither is condition (i).
In this paper we characterize the groups G in which each subgroup is imbedded in a minimal pure subgroup. The characterization is : G is the sum of a divisible and a bounded group. We give a short proof of a theorem of IRWIN and WALKER [5] and give a solution to a new generalization of Fuchs' Problem 4. Some results are also given concerning minimal pure subgroups for subsocles.
It was shown in [3] that most groups have neat dense subgroups which do not contain basic subgroups. The following theorem shows. however, that if a neat subgroup has a dense subsocle, then it must contain a basic subgroup. Let p^A = o. An argument similar to the one given above for the proof that A n L = ^ shows that A n ; C, ^H} = o. Now we have that
Define K == j C, p^Tf j. The purity of C implies that is in H. Since p^-1 /?^?^1^ and since p^JZ^CLtp], we conclude that L contains p^-^-^n^ if i^m. However, it is immediate from the definition of L that this is impossible, so L is not contained in a minimal pure subgroup of G.
PROPOSITION 2. -If G is a bounded group, each subgroup of G is contained in a minimal pure subgroup of G.
PROOF. -Our proof is by induction on n where p 11 G == o. If p G == o, every subgroup is pure. Suppose that L is a subgroup of G and that p^-^G^^^o. Since a homogeneous subgroup of G of degree n +1 is an absolute direct summand, we may assume that p n G^L. Let
where Li is a homogeneous group of degree i with Ln+i chosen maximal in L and Li chosen maximal in p n+i~i G^\Ci for i==n,n-i, ..., i. Observe that there are homogeneous subgroups B{ of G of degree n +1 Suppose that S is a pure subgroup of A + B containing L. We wish to show that S == A -}-B. Proceeding by induction, assume that p'ACS and that p^^BCS. From these two conditions it follows that p^BCS, and it remains to show that p^ACS, Routine considerations show that it suffices to prove that p^A Choose an element <zeA such that a^J?*+2 7 and such that paeR*+F. Letting pa == r* + f where r^eJ?* and /'€F, we obtain contradictory statements : r* has height zero in R*; and p^r* === o. We conclude that J? == o, that is, p^AfplCS. We now turn our attention to the question of the existence of minimal pure subgroups for subsocles. Theorem 2 shows that if a subsocle S is imbedded in a minimal pure subgroup in G, then S supports a pure subgroup, that is, there is a pure subgroup H of G such that H [p] = S. Thus the question of whether or not a subsocle is imbedded in a minimal pure subgroup is just the question of whether or not that subsocle supports a pure subgroup. It is well known that every subsocle of a bounded group supports a pure subgroup. Following established terminology, we say that G is a closed group if it is the primary part of a complete direct sum of cyclic groups [2] . 
